ABSTRACT This paper proposes an enhanced model for a re-entrant coaxial resonator and analyzes the capacitance behavior between its different sections and the Q-factor, for which mathematical expressions are derived. This model makes it possible to carry out a geometric optimization to minimize the volume of a compact coaxial resonator. Theoretical conclusions are compared with electromagnetic simulations and an optimized symmetrical six-pole re-entrant coaxial resonator bandpass filter prototype is designed and fabricated to illustrate the optimization.
I. INTRODUCTION
Most fields of activity such as telecommunications, defense, and spatial technologies require small, low-cost microwave filters with high Q-factors and wide spurious-free performances. Furthermore, as reported in the literature, coaxial cavities with high Q-factors, capacitive loading at the input of the resonators to reduce their volume, and Stepped Impedance Resonators (SIR) [1] have wide spurious-free performances.
Compact coaxial resonators are based on coaxial cavities using the concept of re-entrant coaxial lines, introduced by Cohn [2] , to establish couplers. Other re-entrant line configurations have been developed to design filters to create transmission zeros above the passband [3] . Thanks to its three re-entrant coaxial lines of the compact resonator described in [4] , two SIR effects are established, inducing a reduction of the resonator's volume offering additional degrees of freedom for form factors compared with a uniform quarter-wave coaxial resonator.
The configuration of the compact re-entrant coaxial resonator described in [4] can be used to increase the first harmonic frequency, but is inefficient for obtaining a high quality factor. A better resonator configuration for a high quality factor and a wide spurious-free performance for BTS applications are presented in [5] . To demonstrate the potential of this compact resonator, the present paper develops numerical and analytical models of the resonant frequency, open end capacitance, and quality factor. From these models, the resonator's volume can be minimized while keeping the same advantages as in [5] . From this optimization, a symmetrical six-pole filter was fabricated in the C-band.
The development of a frequency model and Q-factor model of the compact resonator are presented in Section II. Using these models, Section III then focuses on the optimization of this resonator so as to reduce its volume. The last Section IV then presents the design of a C-band compact coaxial filter, simulations and experimental data. Fig. 1 illustrates a re-entrant coaxial resonator based on three re-entrant coaxial lines that create three coaxial transmission lines, C 1 , C 2 , and C 3 , of lengths l 1 , l 2 , and l 3 , and characteristic impedances Z 1 , Z 2 , and Z 3 , respectively, defined by 
where, ε r is the relative dielectric constant of the material, η 0 is the vacuum impedance. where the parameter s is defined by s = 1, for a circular section of radius R 2 1.079, for a square section of half side R 2
The TEM signal propagation undergoes two SIR effects defined as M 12 = Z 2 /Z 1 and M 23 = Z 3 /Z 2 as well as a capacitive effect due to the capacitance C cap defined by the matrix
with
where, λ 0 is the wavelength in free space, c 0 is the light celerity in vacuum. The frequency model of the re-entrant coaxial resonator (Fig. 2) is based on the ABCD-matrix defined by where the ABCD-matrix of the lossless transmission line C i is defined by
with l i , the physical length of the i-th transmission line. From Eq. 5 and Eq. 6, the resonant frequencies of the re-entrant coaxial resonator are calculated using the input impedance, Z IN , with the shorted end of the resonator, Z L , equal to zero.
where B and D are defined by
Consequently, from the analytical expression of the input impedance Z IN , the first zero of Eq. 6 can be found numerically as well as the first resonance, f 0 , of the compact coaxial resonator.
Equation Eq. 6 shows that the input impedance Z IN depends on geometrical parameters and the capacitance C IN . Hence, a model of the capacitance C IN is needed to obtain the first resonance f 0 of the resonator.
The parasitic inductance from the shorted end of the inner cylinders and the parasitic capacitance from the open end of the hollow cylinder are not studied in this paper.
B. MODEL OF THE CAPACITANCE C IN
The behavior of the capacitance C IN of the compact coaxial resonator can be described using three capacitance models of the inner cylinder of radius r 1 :
• C plate : capacitance between parallel surfaces; • C fringe : capacitance from the sidewall of the inner cylinder to another perpendicular surface [6] ; 
• C terminal : capacitance from the corner of the inner cylinder to other surfaces [7] . Depending on the length l ε separating the input of the open end cylinder from the ground, five different configurations of the capacitance C IN can be identified: when the distance l ε is low, the electrical field is concentrated between the open end and the ground, and when the distance l ε is higher, the electrical field is more concentrated between the inner cylinder and the hollow cylinder (Fig. 3) . Consequently, each configuration gives different values of the capacitances C plate , C fringe and C terminal .
In order to simplify the notations of the capacitance C fringe , the function f [6] is defined by Eq. 7.
The capacitance C IN is then determined by Eq. 8, as shown at the bottom of this page, where the dielectric constant ε is defined by ε = ε 0 ε r where ε 0 is the dielectric constant in vacuum. Hence, a solver is used to find the first resonant frequency of the re-entrant coaxial resonator from Eq. 6.
C. UNLOADED -Q 0
The unloaded Q 0 factor is determined to optimize the parameters of the re-entrant coaxial resonator as follows:
where tan d is the material dielectric loss tangent, and Q c is the ohmic resonator quality factor, which can be calculated by solving the electromagnetic field of the TEM mode [8] , [9] :
where δ is the skin depth and
III. C-BAND COMPACT RE-ENTRANT RESONATOR A. OPTIMIZATION PROGRAM
Knowing the geometrical parameters of the compact coaxial resonator, the first resonant frequency, f 0 , and the quality factor, Q 0 , are calculated using Eq. 6 and Eq. 10. However, in order to design a resonator, the values of f 0 and Q 0 are given and the geometrical parameters need to be determined. Because of the complex formulation of the capacitance expression, a numerical program was developed to solve this problem. From specified data, the program is described by an initialization, and while and for loops defined by six steps:
1) The specified data are given by the first resonant frequency f 0 , the quality factor Q 0 , the conductivity σ , and the thickness of the hollow cylinder e c1 = r 2 -R 1 .
2) The initialization is based on a set of given parameters: r 1 , r 2 and l t . The determination of the last parameters, R 2 and L, are realized in the case where the capacitance C IN is neglected (C IN = 0). Firstly, defining the conditions of the transmission line lengths by Eq. 11 and Eq. 12, the length L can be determined using Eq. 6 and Eq. 10.
The radius R 2 of the resonator section and the quality factor Q of the numerical program are then initialized from 10.
3) In order to obtain a Q = Q 0 convergence, a while loop is realized on the parameter Q, and so :
From Eq. 6 and without neglecting the capacitance C IN , the parameter L is updated and so, the resonator's volume is calculated for the set of given parameters r 1 , r 2 and l t . 4) At the end of each while loop, the resonator's volume is saved for each set of values (r 1 , R 1 , r 2 , R 2 , L, l t ). 5) A for loop is realized by changing the set of parameters r 1 , r 2 and l t . The parameters L and R 2 are then updated from steps 2) and 3), and a new volume is calculated. 6) Lastly, the minimum volume of the resonator is selected from the saved volumes.
The numerical program can optimize the six parameters (r 1 , R 1 , r 2 , R 2 , L, l t ) of the compact coaxial resonator for a given fundamental frequency f 0 and a given quality factor Q 0 in order to minimize the resonator's volume.
B. RESONATOR OPTIMIZATION
The C-band resonator design was realized at the fundamental frequency f 0 = 7 GHz and a conductivity of σ = 45.10 6 S/m. The resonator cylinder lengths were given by 11 and Eq. 12, the relative permittivity was equal to unity, the section of the resonator was square, and the thickness corresponded to e c1 = 0.2 mm.
The minimization volume of the C-band resonator was realized from the numerical program described previously for different values of the quality factor. The results of the optimization, based on the distance δ 1 = R 1 -r 1 , are illustrated in Fig. 5 . Fig. 5a shows how, first of all, when the frequency f 0 and quality factor Q 0 are given and when the distance δ 1 is arbitrarily imposed, the radius R 2 can be determined. Furthermore, increasing the radius R 2 involves increasing the quality factor Q 0 for a distance δ 1 and a frequency f 0 . This quality factor increase is directly linked to the increasing of the stocked electromagnetic field.
Then, when the radius R 2 is determined, the other radii r 1 and R 1 of the inner cylinders can be found for any quality factor value (Fig. 5b) . These evolutions are VOLUME 6, 2018 represented by
From these relations, when the distance δ 1 is equal to zero (r 1 = R 1 ), the compact coaxial resonator becomes a half-wavelength coaxial resonator and the optimal radius ratio r 1 /R 2 becomes equal to 0.28, involving a characteristic impedance of 77 Ohms.
The total length l t of the compact coaxial resonator and the length L of the inner cylinders can be determined using Fig. 5c and Fig. 5d. From Fig. 5c , when the ratio δ 1 /R 2 is given, an increase of the quality factor involves a decrease of the ratio L/l t , and the quality factor reaches a maximum when the ratio L/l t is equal to 0.5. This minimum ratio corresponds to the limit of the compact coaxial resonator, i.e., the length l 1 is equal to zero and l 2 = l 3 .
For a fundamental frequency and quality factor, a degree of freedom exists for the compact coaxial resonator design, which is the distance δ 1 separating the inner cylinder from the hollow cylinder. This distance δ 1 influences the first harmonic f r1 : the lower the distance, the higher the first harmonic (Fig. 5e) . Furthermore, for a fundamental frequency and quality factor, the optimization means that for each value of δ 1 , there is a single group of parameters (r 1 , R 1 , R 2 , L, l t ), which minimizes the compact coaxial resonator's volume V M (Fig. 5f ). In this case, an overall volume exists for the resonator when the distance δ 1 approaches to zero.
Thanks to the frequency and the quality factor models, therefore, the minimization of the re-entrant coaxial resonator volume can be realized for any fundamental frequency f 0 and quality factor Q 0 , and this minimization depends directly on the δ 1 value.
C. COMPARISON WITH A UNIFORM COAXIAL RESONATOR
In order to show the potential of the re-entrant coaxial resonator technology, the factor F, representing the degree of miniaturization of the compact coaxial resonator compared with a uniform quarter-wavelength coaxial resonator, is defined by
where V coax is the uniform quarter-wavelength coaxial resonator volume. The two resonator technologies can be compared with minimized volumes at the frequency f 0 = 7 GHz, i.e., the configuration of the coaxial resonator is given for a characteristic impedance equal to 77 Ohms, and the re-entrant coaxial resonator volume depends on the optimization of the development work in Section III.
The compact coaxial resonator volume is determined from Fig. 5f and compared with the uniform quarter-wavelength coaxial volume. This comparison is illustrated in Fig. 6 , which represents the evolution of the re-entrant coaxial resonator volume compared with the uniform quarter wavelength coaxial resonator volume by the F-factor, as a function of the distance δ 1 . This comparison shows an evolution of this F-factor for several quality factor values at the frequency f 0 = 7 GHz. Consequently, the F-factor decreases as the distance δ 1 decreases.
The first harmonic frequency of the compact coaxial resonator illustrated in Fig. 5e is superior to the first harmonic frequency of the quarter-wavelength coaxial resonator, which is equal to 3f 0 = 21 GHz.
Consequently, the decrease in the re-entrant coaxial resonator volume compared with the uniform quarter wavelength coaxial resonator volume is possible without degrading the quality factor for a given fundamental frequency. Furthermore, the lower the distance separating the inner cylinder from the hollow cylinder, the higher the decrease in the re-entrant coaxial resonator volume and the higher the first harmonic value.
IV. C-BAND COMPACT COAXIAL FILTER A. C-BAND FILTER SPECIFICATIONS
In order to show the potential of re-entrant resonator technology, a symmetrical six-pole bandpass Tchebychev filter was designed and manufactured to operate in C-band. The filter specifications were a fundamental frequency f 0 = 6.55 GHz, a relative bandpass BP r = 9.9%, insertion losses IL ≤ 0.3 dB, a return loss superior to 23 dB and a first harmonic frequency f r1 > 24 GHz. Fig. 7 illustrates the filter specifications within the band near the fundamental frequency.
The direct couplings were realized by irises and the coupling matrix M of the filter was To respect the insertion losses specification without modifying the bandpass or the return losses, the filter needed a quality factor of about 2000.
B. RESONATOR DESIGN
In order to minimize the compact coaxial filter volume, the resonator design was based on the optimization method developed in Section III. The resonator design was set at a fundamental frequency f 0 equals to 7 GHz instead of 6.55 GHz because the use of a coupling iris allows a decrease of the fundamental frequency of each resonator.
The quality factor Q 0 of the resonator was set at 2000 and the conductivity σ of the metallization was equal to 45.10 6 S.m −1 , realized by silver plating. The distance δ 1 separating the inner cylinder from the hollow cylinder was fixed at 0.24 mm in order to increase the first harmonic frequency up to 24 GHz. Furthermore, to minimize the resonator volume, the thickness e c1 of the hollow cylinder corresponded to 0.2 mm. Based on the results of the optimization detailed in Section III, the geometrical parameters of the re-entrant coaxial resonator are given in Table 1 , where the capacitance C IN is obtained from Fig. 3 . The electrical characteristics of the three transmission lines of the re-entrant coaxial resonator are given in Table 2 . The impedance Z IN of the compact resonator is illustrated in Fig. 8 and shows that the frequency model of the re-entrant coaxial resonator depends on the model of the parasitic capacitance C IN . Indeed, the frequency model of the resonator without the influence of the capacitance C IN leads to a relative error of 37% for the fundamental frequency f 0 = 7 GHz.
The accuracy of the frequency and quality factor models is presented in Table 1 . Indeed, an electromagnetic simulation carried out with the HFSS R software lead to similar results about the fundamental frequency and the quality factor as the initial data. Consequently, the frequency and quality factor models are accurate models of the re-entrant coaxial resonator in C-band. Hence, the parasitic inductance from the closed end of the inner cylinders and the parasitic capacitance VOLUME 6, 2018 from the open end of the hollow cylinder can be ignored in this case.
The re-entrant coaxial resonator design produces HFSS R results corresponding to a fundamental frequency of f 0 = 6.97 GHz, a quality factor of Q 0 = 2070 and a first harmonic frequency of f r1 = 25.7 GHz. Consequently, this resonator configuration of physical length λ/12.5 was used to design the C-band filter. 
C. FILTER DESIGN AND RESULTS
The C-band filter design was based on the re-entrant coaxial resonator configuration described in Table 1 . Furthermore, the Tchebychev coupling matrix was respected adjusting the iris lengths separating the resonators, with the six resonators arranged along the same axis (Fig. 9) . Eight tuning screws were placed within the manufactured filter to influence the resonant frequencies of the cavities and the coupling coefficient K 01 .
The results of the electromagnetic measurements of the C-band filter are compared to the HFSS R simulations in Fig. 10 , showing that the measurements and simulations of the transmission coefficient S 21 are close. Indeed, the measured fundamental frequency, relative bandpass, and first harmonic frequency correspond to the simulated ones (Fig. 10a) . Nevertheless, the insertion losses of the manufactured filter were higher than those predicted by the simulations. This difference was due to the underestimation of the losses of the filter's SMA connectors in the simulations (Fig. 10c) .
The return losses results are different between the measurements and the simulations because the coupling coefficient K 01 is superior to the coefficient of the theoretical coupling matrix (Fig. 10b) . Despite the use of tuning screws to ensure this coupling coefficient, the soldering of the SMA connectors strongly influences the coupling coefficient.
Furthermore, the group delay measurement is also similar to the simulation. Consequently, the variations of the group delay in the band of the manufactured filter are equal to 0.6 ns.
Ultimately, the experimental responses of the manufactured filter were close to the simulated and theoretical responses.
V. CONCLUSION
A minimization of the re-entrant coaxial resonator volume was realized in C-band from analytical and numerical models of the resonant frequency and the quality factor. This resonator optimization was used to manufacture a six-pole filter in C-band. The C-band filter measurements were close to the simulations, showing a higher wide spurious-free performance and offering a different form factor from a uniform quarter-wavelength coaxial resonator.
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